In this paper, we use the estimate for trigonometric sums and the properties of the congruence equations to study the computational problem of one kind sixth power mean of the three-term exponential sums. As a conclusion, we give an exact computational formula for it.
Introduction
Let q 3 be a positive integer, m and n are any integers. Then, the three-term exponential sum C.m; n; kI q/ can be defined as follows:
C.m; n; kI q/ D where k 3 is a given integer and e.y/ D e 2 iy .
Many studies have been concerned with the properties of related exponential sums; we refer the readers to [1] - [10] . A series of interesting results have been obtained. For example, Xiancun Du and Di Han [5] proved the identity that for any integers k 3, we have
where the constant C.k; p/ is defined as follows:
Especially, if k D 6, then one has the following identity [12] considered the sixth power mean of the three-term exponential sums
and proved the that for any integer k 3, one has the identity
where be the Dirichlet character mod p. However, regarding the sixth power mean of the three-term exponential sums:
it seems that it has not been studied before or at least we have not found any relevant results. The problem is meaningful for it can reflect the upper bound approximation of C.m; n; kI p/. It is easy to find that the mean value (1) is the best possible. Thus we believe that (2) has similar asymptotic properties to (1) . In fact, we can use the analytic method and the qualities of the congruence equation to propose an exact computational formula for (2) with a special integer k D 3. That is to say, we shall prove the following identity:
Theorem. Let p > 3 be a prime with .3; p 1/ D 1. Then we have
From this theorem we may immediately deduce the following estimate:
Corollary. Let p > 3 be a prime with .3; p 1/ D 1. Then for any integers m and n, we have the upper bound estimateˇp
Let p > 3 be an odd prime. For any fixed integers h 4 and k > 3 with .k; p 1/ D 1, whether there exist two computational formulae for the mean value
are two open problems, we will further study.
Some simple lemmas
In this section, we will put up several simple Lemmas which are necessary to prove the theorem. Hereunder, we will use many properties of trigonometric sums and congruence equation, which can be found in references [6] and [13] , so we will not repeat them here. First we have the following: 
Proof. For any integer n with .n; p/ D 1, from [1] or [6] we know that
where is p Á the Legendre symbol,
(3) and the properties of the reduced residue system mod p we have the identity
This proves Lemma 2.1. 
Proof. From the trigonometric identity
we have
On the other hand, from (3) and Lemma 2.1 we also have
From (5) and (6) we may immediately deduce
This proves Lemma 2.2.
Proof of the theorem
In this section, we will give the proof of our theorem. Note that .3; p 1/ D 1, from (4) and the properties of reduced residue system mod p we have
Now we compute the values of U and V in (7) respectively. It is clear that from Lemma 2.2 we have
To compute the value of U , we note that the identity
.a 1/.b 1/.c 1/ Á 0 mod p; a C b C c Á d C e C 1 mod p; a 2 C b 2 C c 2 Á d 2 C e 2 C 1 mod p:
For all integers 1 Ä a; b; c; d; e Ä p 1, we compute the number of the solutions in (9) . We separate the solutions in (9) into three cases: 
